Irreducible characters of Hecke algebras of type A may be represented as re ned counts of simple statistics on suitable subsets of permutations. Such formulas have been generalized to characters of other Coxeter groups and their Hecke algebras and to coinvariant algebras. In this paper we present several formulas, applications to combinatorial identities, and related problems. New results are given with proofs.
Introduction
Combinatorial properties of the Kazhdan-Lusztig basis and the study of coinvariant algebras have recently led to the discovery of a new family of combinatorial character formulas. Cf. APR1, APR2, HLR, Ra2, Ste, Ro2, Ro5] . Here we survey some of these formulas with emphasis on permutation statistics. The goal of this paper is to present existing formulas and to study their role in deriving combinatorial identities.
A permutation 2 S n is called unimodal if there exists 1 m n, such that (1) < (2) < < (m) > (m + 1) > > (n): Denote the set of all unimodal permutations in S n by U n .
Department of Mathematics and Computer Science, Bar-Ilan University, Ramat-Gan 52900, Israel. Email: yuvalr@math.biu.ac.il. Research supported in part by internal research grant, Bar-Ilan University, and by Res. Inst. Math. Sci., University of Kyoto. This identity is generalized using Hecke algebra characters: The rest of the paper is organized as follows. In the second section we give necessary background from representation theory of Hecke algebras, coinvariant algebras and permutation statistics. In the rst part of Section 3 we present two di erent representations of the irreducible characters of the symmetric group as re ned counts of descent number and major index of permutations. A new elementary proof is given. The second part of Section 3 contains formulas for characters of coinvariant algebras and applications. In Section 4 formulas for various characters of Hecke algebras are given with applications to permutation statistics identities. Section 5 concludes the paper with a brief sketch on other Coxeter groups and open problems.
Background

Permutation Statistics
Let S n be the symmetric group on n letters, and let f i : S n ! Z + (1 i t) be (non-negative, integer valued) combinatorial parameters. Then one is interested in the re ned count of permutations according to these parameters: X
The study of permutation statistics started with Euler, who considered the number of descents. Netto, at the beginning of the century, considered the number of inversions, and MacMahon considered the major index. Multivariate re ned counting was studied by Ca, FS, GG] and many others. In this section we de ne basic permutation statistics, which appear in the rest of the paper, and describe some of their properties. It should be noted that permutation statistics are connected to tableaux statistics via standard maps, such as Robinson-Schensted-Knuth correspondence and row (column) word tableaux (see below). For our purposes we prefer the permutation language.
The length of 2 S n is the number
This statistic is also called the inversion number. This number is well known to be equal to the minimal length of as a product of simple re ections s i = (i; i + 1). Using this approach the length is generalized naturally to arbitrary Coxeter groups.
The descent number of 2 S n is de ned by
This statistic has also a natural generalization to arbitrary Coxeter groups.
The major index of a permutation 2 S n is the sum (possibly zero) Claim 0.4 For any permutation 2 S n , charge( ) = major(w 0 ?1 w 0 ); where w 0 = n; n ? 1; n ? 2; : : : ; 1 is the longest permutation in S n .
To verify this claim recall that the charge of a permutation is the sum of (weighted) lengths of increasing subsequences of consequent digits in . The claim is based on the fact that the length of the i-th increasing subsequence of consequent digits in equals to the di erence between the i-th and the i ? 1-th descents of w 0 ?1 w 0 . Therefore, by an elementary observation the sum in the charge equals to the sum of the descents of w 0 ?1 w 0 . I.e, to the major index of w 0 ?1 w 0 .
The Theorem 0.5
where the sum is taken over all standard tableaux of shape . 
Representations
Here`(w) is the length of w.
It should be noted that the last relation is slightly non-standard; this is done in order to get more elegant q-analogues. In order to shift to the standard version, one should replace each T i by ?T i . The elements T s ; s 2 S generate H W (q).
Denote the Hecke algebra of the symmetric group S n by H n (q), and denote T s i 2 H n (q) by T i . Then H n (q) is generated by T 1 ; : : : ; T n?1 with respect to the following relations
(T i ? 1)(T i + q) = 0; 8i Let = ( 1 ; : : : ; t ) be a partition of n. The element T 2 H n (q) is de ned by T := T 1 T 2 T 1 ?1 T 1 +1 T 1 +::: t ?1 I.e. T is the subproduct of T 1 T 2 T 1 +:::+ t ?1 omitting T 1 +:::+ i for 1 i < t.
In their fundamental paper KL], Kazhdan and Lusztig present a distinguished basis for every Hecke algebra, and construct a rich family of representations of Coxeter groups and their Hecke algebras. In the case of the symmetric group, this construction gives a decomposition of the Hecke algebra into irreducible representations.
A cornerstone for this theory is the concept of cellular structure. Any Coxeter group can be partitioned into subsets called Kazhdan-Lusztig cells. The action of the group on each of these cells gives rise to a so-called Kazhdan-Lusztig representation Kazhdan-Lusztig right (left) cell is the S n -irreducible representation S , where is the shape of Q. We say that is the shape of the cell (Knuth class) C.
The Coinvariant Algebra
The symmetric group S n acts on the polynomial ring P n = Q x 1 ; : : : ; x n ] by permuting the variables. The coinvariant algebra is the quotient P n =I n , where I n is the ideal generated by the symmetric (S n -invariant) polynomials without a constant term. The coinvariant algebra of a nite Weyl group W is de ned similarly. The group algebra of W and its coinvariant algebra are isomorphic as W-modules Hu, Ch. 3.6] . Early work of Borel showed how to identify the coinvariant algebra with the cohomology ring of G=B, where G is a simple Lie group and B is a Borel subgroup. Schubert polynomials, constructed in the seminal papers BGG] and De], form a distinguished basis for the coinvariant algebra. These polynomials correspond to the Schubert cells in H (G=B).
The coinvariant algebra has a natural grading to homogenous components, induced from the grading of the polynomial ring by total degree.
Denote by R k the k-th homogeneous component of the coinvariant algebra. and by k its corresponding character as a W-module.
Decomposition into irreducibles. The decomposition of the coinvariant algebra into irreducible representations involves major indices KW].
Theorem 0.6 The multiplicity of the S n -irreducible representation S in the k-th homogeneous component of the coinvariant algebra, R k , is equal to the number of Knuth classes of shape and major(C ?1 ) = k.
An elegant proof of this theorem, using the principal specialization of Schur functions, was given by Stanley and developed in Ste, Ga, Reu, Ch. The symmetric functions are invariant under these two actions. Therefore, the actions on the homogeneous components of the coinvariant algebra form Hecke algebra representations. It should be noted that the two actions form equivalent representations. The associated characters may represented as re ned counts over subsets of permutations. Surprisingly, the KazhdanLusztig characters of the Hecke algebra may be represented as re ned counts of exactly the same statistic over di erent summation sets. See Theorems 8 and 9 below.
3 Symmetric Group Characters
Irreducible Characters
The Murnaghan-Nakayama classical rule represents the symmetric group characters as a signed enumeration of the so called rim-hook tableaux. Cf. Sa, Ch. 4.10]. For a representation theoretical interpretation of re ned counts of rim-hook tableaux see LLT] . In this section we represent symmetric group characters as re ned counts of permutations. These representations are convenient for generalizations to Hecke algebras, coinvariant algebras, and other groups and algebras.
De nition. A sequence of positive integers a = a 1 ; : : : ; a n is unimodal if there exists 1 m n, such that a 1 < a 2 < < a m > a m+1 > > a n : Let = ( 1 ; : : : ; t ) be a partition of n. A sequence of n positive integers is -unimodal if the rst 1 integers form a unimodal sequence, the next 2 integers form a unimodal sequence, and so on.
A permutation 2 S n is called a -unimodal permutation if the sequence (1); : : : ; (n) is -unimodal. For example, = 174239856 is (4; 3; 2)-unimodal, but not (5; 4)-unimodal.
Denote the set of all -unimodal permutations in S n by U . Let and be partitions of n, and let be the S n -character value of the irreducible representation S at a conjugacy class of type . The following Theorem is a special case of Ro2, Theorem 4]. Proof. By Theorem 0.3 for any Knuth class of shape (n ? k; 1 k )
If is not a hook then combining the fact that the re ned count is a polynomial together with Theorem 0.3 implies that X 2C q major( ) = q n ? 1 q j ? 1 p(q); for some j < n, where j is a divisor of n, and p(q) is a polynomial in q. Proof. Clearly,
where m ;k is the multiplicity of the irreducible representation S in the k-th homogeneous component of the coinvariant algebra.
Theorem 0.6 asserts that m ;k equals to the number of Knuth classes C with major(C ?1 ) = k. It follows that
Here C is the irreducible character , where is the shape of C. Comparing Theorem 5' to Theorem 6 implies the following identity.
Corollary 7.
where U n is the set of all unimodal permutations in S n .
Hecke Algebra Characters
Hecke algebra characters provide q-analogues of the above results. The following formula for the irreducible characters is proved in Ro2, Theorem 4] and in Ra2]. Recall the de nition of T 2 H n (q) from Section 2.2.1, and let q (T ) be the H n (q)-character value of the irreducible representation corresponding to at the element T 2 H n (q). Then Theorem 8.
where the sum runs over all -unimodal permutations in a Knuth class C of shape .
Action of Hecke algebra of type A on coinvariant algebras is described in Section 2.1.2. Let k q be the character of the Hecke algebra H n (q), de ned by the action on the k-th homogeneous component of the coinvariant algebra.
The following analogue of Theorem 5 is proved in APR1, Theorems 5.1 and 6.6].
Theorem 9. Here is an alternative combinatorial description.
Theorem 10. Proof. In order to prove this corollary we need the following lemma. Lemma 11.
where the sum is taken over a Knuth class C of shape .
Proof of Lemma 11. By Fact 0.2 all permutations in an inverse Knuth class C ?1 have a common descent number, denoted by descent(C ?1 ). Moreover, it is easy to verify that for any Knuth class C of hook shape (n?k; 1 k ), descent(C ?1 ) = k. Combining these facts with Lemma 2 we obtain We conclude that k q (T (n) ) = X Unfortunately, the problem of determining the integers m i is not solved in general. In case of classical Weyl groups and related wreath products, these integers are determined by a generalized major index Ste, Theorem 5.1]. In this perspective, the problem of determining the integers m i (and so, solving Problem 2) is strongly related to the problem of de ning major index on arbitrary Coxeter groups. Partial results appear in Stei , Ste, AR1] .
A closely related problem is the following: Recall that the sets of permutations of a xed major index are unions of Kazhdan-Lusztig cells. This fact, together with Garsia-Gessel re ned count of the major index of shufes GG], implies an extremely simple combinatorial rule for restricting the 
